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Twilw YsgdArammas (Vector space) Adaule Amsauiumsmoeldmsunn Wonwunn
fu + uag magudianas Wenuunudie - vwsa X Sefiqoandd dedeludt
dmsunng z,y,2 € X wag o, B €F

(1) z+y € X uag =+ y Mivsdndioriin

Qz+y=y+z

G z+y+z)=(@+ty +=

@) azilandnle X Sudsuunudio 0 uazazdonh NNABYUY iAo
ﬁ‘ﬁﬂﬁ O+z=ax=2+0

v

(5) AgRaNBN 1 X FUBoUuNueIe —z weadudoniniiuni i
(—z)+z=0=x+(—x)

6) a-z € X uas oz iisednionsiniu

7 a(f-z)=(af) x

®1l-x==x

P a-(z+y)=a-z+a-y

(10) (a+p) - z2=a-z+ (-

1NgEen (X, +,-) Twilw 15gatamaasuuilad F (Vector Space Over Field F)
wagazsunadnluilan F 1 anars (Scalar)
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melu
unitony 2.1.4 [4] W (X, (-, ) diwiSpinagauemolu S C X aziFonin omdeds
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Wiz yeRr d1p>1uast+l=1 ud

n n . n .
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k=1 k=1 k=1
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a '3 1 <1 r'4 . 1 4 <f !
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a ¢ o 3 o 14
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(1) A mmmm/mzﬁmww?nﬁmwwm?fvﬁm777767'

(2) V1,09, ... v, TMINTIRINYNG 1l0 v; wImneTiawE A

(3) A iilwmunsndanay

2.3 wqwﬁumﬁmmmnimﬁ (lagrange multiplier)

nguJundrgmainsavd (lagrange multiplier) [6]
muualyd £ R" — R uag h:R® — R uaglif 2 dludingammssasiledin
F moldReuly h(z) = 0 wagaund vhy (%), ..., Vhy(z*) fiudaseidadu

A= (AL A asdeni namesiiguannud fvhliaums
m
V@) + Y A Vhi(2F) =0
=1

WIEEY,
WHBIAG ¥ A0 INTLHOUATN f
feg1 2.3.1 mvualdt f(z,y, 2) = 22 + y? + 22 dewﬁqw%gﬂqﬂﬂaﬂﬁﬂﬁ%’u f
molddouls hz,y,z) =4x+2y —2z—4=0
MIRGANR NNANMS A(z,y, 2) = 4o + 2y — 22 — 4 = 0 agld
4
Vh(z,y,z)=1 2 | #0
—2
dufunng x,y, 2 € R 1n
VF(a*) + AVh(z*) = 0
gl
2x 4 4\
2 | =2 2 | =] 22
2z —2 —2A



Tk
r = 2)\
y = A
z = —=A

NNANNT h(z,y, 2) = 4z + 2y — 22 — 4 = 0 Al
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1
A = =
3
Wz =2 y=32=—3 iaunuen b
flxy,z) = 22+y°+2°
_ 22 1 2 1 2
= (3) +(3) + ( 3)
44141
N 9
6
9
~ 0.667

dolihsiinson f(z,y,2) Ma (2),(3), (—1) Hduilugemganiegegn lasidanye

1
3
(0,0, —2) Bedeaadeiu h(z,y, 2) = 4o + 2y — 22 — 4 = 0 azldn

h(z,y,z) = 4(0)+2(0) —2(-2)—4
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nn A dhwansndaninag datuagldinag M<...<\ fluendne oz mme il

NUIUAT A waslit g, ..., u, Wnsademainnfzesnnnesiamne deaniy

o

VAFNHUSIAWIZTON N\, G Aw; = N, i = 1, ..., n agldmn

O(x) = (= b)TA(x —b) = > (2 — b))\ (3.3)
Nn Az — b) agldh



unda 3.4 [5] aulnasusay (A,b) demzavaruauaseiii iieAsuseviiuauas

A —En:—mb?‘ =1 3.5
=1

wazAdnwosamenas A 39l g(\) < 1 lunsdlame

13738 N (0/0 = 0,1/0 = 0)

1 a ¢ éjl ﬂ‘ o <1 [ 93 a ¢ dy
VIﬂiﬂLiWﬂgLLﬂﬂ\Tﬂqiv\lﬂQ%Uﬂm\i 34 L%aﬁﬂ']ﬂL'i']ﬂ']Lﬂ%@]a\ﬂﬁﬂ'ﬁWQQ%%

dodnmualuiugaly

myfigat min (3.4) aqllih

AW T =7 : \;b; = 0 20 (3.6) Azl

Aib; :
xi:)\i—A , 1 ¢ (3.7)

dlafimsana A € {Ni:i¢lI} i \b; # 0 NNaNM3 (3.6) aldn 0 = \b,
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253 be d
q — - - + —_
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p 3 3 p
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SIAM J. ApPL. MATH.
Vol. 23, No. 3, November 1972

A NOTE ON A THEOREM OF FORSYTHE AND GOLUB*
EMIL SPJOTVOLLY

Abstract. Forsythe and Golub (1965) proved a theorem about all stationary points of the function
®(x) = (x — b)?A(x — b) for x on the sphere xPx = 1. The same theorem is proved using much
simpler methods. It is also shown how the result can be used to find the minimum and maximum
of ®(x) for x¥x < 1. It turns out that, with a few exceptions, the minimum and maximum occur on
the boundary xAx = 1.

1. Introduction. Let 4 be a Hermitian square matrix of complex elements
and order n. Let b be a known n-vector of complex numbers. For each complex
n-vector x, the nonhomogeneous quadratic expression

(1.1) O(x) = (x — b)A(x — b)

(H denotes complex conjugate transpose) is a real number. Consider the problems

(1.2) find all x which make ®(x) stationary for xx = 1
and
(1.3) find the minimum and maximum of ®(x) for x#x < 1.

The solution to the problem (1.2) can be found in a paper by Forsythe and
Golub (1965). Since their proof is rather lengthy it is one of the aims of this paper
to give a simpler proof. We shall also use the solution of (1.2) to solve the problem
(1.3).

The problems (1.2) and (1.3) appear in many situations in statistics; see, €.g.,
Draper (1963) and Spjetvoll (1971). For other examples see the references of
Forsythe and Golub (1965).

2. The problem (1.2). By using the Lagrange multiplier rule to find stationary
values of

(x — bYTA(x — b) — Ax"x,

one obtains the following lemma.
LeMMA 1. A vector x satisfying x*x = 1 renders ®(x) stationary if and only if
there exists a real number A = A(x) such that

2.1) A(x — b) = Ax,
2.2 xfx = 1.

To see why A is real, consult the paper of Forsythe and Golub. Following
Forsythe and Golub we introduce the following definition.

DEFINITION. By the spectrum of the pair (4, b) we mean the set of all real A

for which there exists an x such that (2.1) and (2.2) are satisfied, i.e., such that ®(x)
is stationary at x.

* Received by the editors October 7, 1971.
t Institute of Mathematics, University of Oslo, Blindern, Oslo 3, Norway.
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308 EMIL SPJ@TVOLL

Given any 4, x satisfying (2.1) and (2.2), we shall say that x belongs to A and
frequently write x in the form x*

Let 4; £ --- £ 4, be the (necessarily real) eigenvalues of A4, and let
{uy,---,u,} be a corresponding real orthonormal set of eigenvectors with
Au; = Aug,i=1,---,n Letb=3Y"_ bu;and x = Y"_, xu;. Then

(2.3) D(x) = i Alx; — by?
and (2.1) is equivalent to o
(2.4 il A — Dxu; = il Abu;.
LEMMA 2. The spectrum consists of all real A such that
2.5) g@=§%;?iz=1 (0/0 = 0, 1/0 = o),

=1

together with each eigenvalue A, of A for which g(A,) < 1.
Proof. It follows from (2.4) that we must have

(2'6) (;Li_)')xizlibi’ i = 15"'5n~
Define the set I by I = {i:4;p; = 0}. From (2.6) we obtain
b
. . = #—— ] I
@) =gt it
2.8) (A — x; =0, iel.

A value A€ {4;:i¢ I} cannot be in the spectrum since then (2.6) would read
0 = 4;b;, which is a contradiction since 4,b; # 0.
Let A¢ {A;:i =1, ---, n}. Then we get from (2.7) and (2.8):

Aib;

2. S aL i¢ I
29) =gt it
(2.10) x} =0, iel.
Then A belongs to the spectrum if and only if the side condition
A2|b)?
(2.11 XA = 20
: 9 ;%—W

is satisfied. Hence all A ¢ {4;:i = 1, - - -, n} satisfying (2.5) belong to the spectrum.

Finally,let A = A;forsomeje I Let I(A)) = {i:4; = A;}. If I(4)) N {i:Ab; # 0}
is not empty, then 4;€ {4;:i¢ I} and A; is, as shown above, not in the spectrum.
If not, I(4;) = I. In that case we get

b,
A _ iDi .
2.12) e ALt
2.13) x4 =0, iel — I(A),
(2.14) x} arbitrary, ielI(4;).
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A THEOREM OF FORSYTHE AND GOLUB 309

The side condition is satisfied if
A%|b)?
(2.15) Zl—lz + Y IxM?=
i¢gl (ll 1) iel(Aj)
This is possible if and only if
Z /lzlb |2
@i — A4
Hence, noting that 4 € {4,:i ¢ I} cannot satisfy (2.5), the lemma is proved.
THEOREM 1. Let the spectrum of (A, b) consist of the numbers {A,, -+, A,},
with Ay < -+ < A,. Then

<1

,Ib,|2
—

(2.16) O(x™) = A; + A, Z
I
and
D) < -0 < B(xP).
Proof. We have

O(x) = Z Adx; — bi|2~
i=1

In the case when x* is given by (2.9) and (2.10), we get

Adb? Ailby?
2.17 O(x*) = A2 L =24+ A4) ——,
@17 ) =BG - i-7

where we have used (2.11) to obtain the second equality.
Then consider the case when x* is given by (2.12), (2.13) and (2.14). From
(2.15) we get

(2.18) S =1 -y A
iel(4j) i¢l (ll - ;Lj)z
Using (2.13) we get
O(c) = 3 Mt = b + 25 % Ixk = b2,
i¢l iel(4j)

If 4; = 0, then ®(x*) is given by (2.17) with A = 4;. If 4; # 0, then b; = 0 when
i€ I(4;), and using (2.12) and (2.18) we obtain

Adbi?
O(x*) = A} + 4 x})?
o) tézl(’l _}')2 leg;h)l
Adbi? ( Ay )
=2y 25 -+ A1 - -
Ji#.z;(/li_ A .%(/1 A
Alb)?
=1+ 4 ,%,1 e

Hence in each case ®(x*) is given by (2.16).
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Finally, let A; < A, and consider the difference

(219 D(xM) — O(xN) = (A, — A.)( 1-3 AZ1by? )
! far (A — A — 4)

By Schwarz’s inequality and (2.11) and (2.15) we get

Aiby Aby \/ ( AZ|by)? ) ( A?lb)? )
2.20 . < <1.
(220 2 Ay — A Aj— A~ MZI(Ak — A i%(/\j - AT

i¢l

Equality obtains in (2.20) if and only if x** = x*/, which is impossible. Hence from
(2.19) and (2.20), ®(x*) — ®(x*) > 0. The theorem is proved.

3. The problem (1.3). We have this resuit.

THEOREM 2. The maximum of ®(x) is 0 if max;4; <0 and ), _o|b)* £ 1.
The minimum of ®(x) is 0 if min; A, = 0and ), _, |b)|* < 1. Otherwise the maximum
and minimum of ®(x) are ®(x") and O(x"*), where ®(x") is given in Theorem 1.

Proof. Consider the problem of finding the maximum (the problem of
finding the minimum can be treated analogously). First suppose that 4, = max; 4,
> 0. We shall show that the maximum of @(x) is attained for some x on the bound-
ary x"x = 1. Suppose that y is such that y#y < 1. For such a y define an x by
X;=Yy,i=1---,n—1,and x, = —kb,, where k > 0 is a real number such that

n—1
2 il + Kb* = 1.
i=1

Since Y_, |y]?® < 1, we must have k|b,| > |y,|. Using (2.3) we get
D(x) — O(y) = A,((k + 1)*bJ* — |y, — b,?)
2 Ak + D2b,J* — (1l + 16,)%)
> Ak + 1)%|b,)* — (klb,| + |b,))*) = 0.

It follows that the maximum is attained for some x satisfying x?x = 1. By Theorem
1 it must be ®(x"»).

Next, suppose that 4, < 0. By (2.3), ®(x) is then always less than or equal to 0.
Itis equal to 0 if and only if x; = b;, i€ {i:4; < 0}. Such a choice of x is possible if
and only if Z 1,<0 |bj?* < 1. This is the first result in the theorem.

Finally, consider the case when A4, < 0 and Za,<olbi|2 > 1. Clearly, the
maximum of ®(x) is obtained by choosing x; in the same direction as b;. Since
le«) |b)* > 1, we cannot choose x; = b; for all i with 4, < 0, but ®(x) will be
made as large as possible if we choose |x;| as close to |b, as possible; hence the
maximum is obtained for a point with ZM«) |x]*> = 1land x; = 0, i¢ {i:4; < 0}.
Since the maximum is attained for some value with xx = 1, it is, by Theorem 1,
equal to ®(x"»).

Remark 1. In the statistical problems mentioned in the Introduction, one is
interested in ®(x) only for real x satisfying x'x = 1 (or x’x £ 1). Since b also is
real in those problems, it is seen from this section and the previous section that
the stationary values x* are also real. Hence the solutions to these problems are
also obtained from Theorems 1 and 2.
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Remark 2. In Draper (1963) the situations corresponding to 4,b; =0 in
Theorem 1 seem to have disappeared. In Draper’s problem, however, the matrix A
and the vector b are random and the probability is O of having 4;; = 0.
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Abstract: Polynomials of high degrees often appear in many problems such as optimization problems. Equations of the
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1. Introduction

Linear and quadratic equations are members of a class of
equations, called polynomial equations. These equations
have the general form of:

X, ta, X, t...tax,+ax+a,=0

In which x is a variable and a,, a,-1, ..., @, a1, a9 are given
constants. Also n must be a positive integer and a,# 0.

Lodovico Ferrari is attributed with the discovery of the
solution to the quartic in 1540, but since this solution, like all
algebraic solutions of the quartic, requires the solution of a
cubic to be found, it couldn't be published immediately[3].
The solution of the quartic was published together with that
of the cubic by Ferrari's mentor Gerolamo Cardano in the
book Ars Magna (1545).

Polynomials of high degrees often appear in problems
involving optimization, and sometimes these polynomials
happen to be quartics, but this is a coincidence. It is shown
that any degree-n polynomial with rational (or real, or
complex) coefficients has n complex roots. (This fact is
called the fundamental theorem of algebra.) So, if we have a
quadratic formula for finding both (possibly complex) roots
of a quadratic (degree-2) polynomial, then it’s natural to ask
for a formula for all three roots of a cubic. Likewise, we
would like a formula for all four roots of a quartic, and so on.
It can be proved (the terms are Galois Theory and solvable
groups), that there cannot exist a general formula for degree
5 and above.

In this paper we proposed a new Classic method for
solving fourth degree polynomials (Quadratics) and the

purpose of this paper is to show how the quartic formula can
be presented easily at the precalculus level. We show how to
verify that the formula is correct, and we identify when
it is profitable to use it.

2. Solving Cubic Polynomials

If we are given a cubic equation in the form of
ay’ +by* +cy+d =0 and need to solve for y, then the first
thing we do is substitute variables. Replacing eq.l in the
given formula above,

y=x-— (D
We will get something in the form of:
x?+ px+qg=0 )
Which is the depressed cubic equation, Where
bZ
B 3a’

c
a
2b3 bc d
= +

p=

3

7= 274° 3a® a’
And replacing X =u +V inthe eq.2 leads to eq.4.
w v F3uwvu+v)+ pu+v)+g=0 @)

This equation is changed to two equations with two
unknown quantities that:
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P oa D ®)
3

By defining quadratic equation that the roots are 3> and

y>,uand v can be computed.

xP—(uP+v)H)x+u’vi=0 (6)
3
x2+qx—p——03
27

2 3
:3—i+ q_+p_
! \/2 4 27 ™

3. Solving Fourth Degree Polynomials
(Quartics)

The general quartic equation is:
4 3 2 —
ay”+by  +cy  +dy+e=0 .

Just as with the cubic, it behooves us to get rid of the
second-highest term (in this case the cubed term) by making
a substitution of variables. (To use the quadratic formula,
you just plug in your coefficients). To solve Quadratic
equations new method in this paper are proposed as follows:

Stepl. The general quartic equation is:

ay* +by’ +cy* +dy+e=0.

It turns out that it is desirable to get rid of one of the
coefficients. To accomplish this, substitute

b

- (D)
4q

y=x

Now that we’ve eliminated the cubic term, we have
something of the form
xt+ pxt +gx+s5=0. (10)

Where p, q and s are:

w
8a’

b? bc d = -~ +=
q=g‘g+z d 8a° 2a’ a
3 3b*
256a*

c C
p= += p=-_5*=
a a

+ —.
164 4a* a

(11)
Step2. With replacingx =u +v+s:

(u+v+s)' + plu+v+s) +

(12)
qu+tv+s)+s=0

u' + 4’ (v+s)+6u’ (v+s)
+Hu(v+s)y +(v+s) + pu’ +v +57)+
2p(uv+us+vs)+qgu+v+s)+s=0
u' + v+ st +A4vis+4vs’ +6vis? o+
4us + 6uls? +12uvis + 6u’v?: + duv’

+12u’vs + dus’® +12uvs? + 4uv +

(13)
p(u2+V2+s2)+2p(uv+us+vs)+
qg(u+v+s)+s =20

ut + v+t + 43s + 4vs® + 4y + 4uds +

4uv’ +4us® + 6uv: +6u’s? +6v3s? +

8uvs? + 4uvs® +8uv’s + 4uv’s +8u’vs + (14)
4u’vs + p(u2 +v? + S2) +2p(uv+us+vs)+
qlu+v+s)+s=0

Step3. This equation is changed to three equations with

three unknown quantities, only under this condition that the
previous equation is satisfied.

Suvs® +8uv’s +8ulvs +qu+v+s)=0 (15)
Firs equation is defined:

q

uvs = — (16)
Residue of the equation (14) is:
ut +vt st 4 v+ 8P (v +us +vs) +
pu® +v: +5*)+2p(uv+us +vs)+s+ (17)

6(u’v’ +u’s® +v’s*) =0
Second equation is defined as below:

4’ +v* +57)uv+us +vs)+2p(uv+us +vs) =0

2 §g=———+—— —
b C _ bd +€ 256a4 16a3
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(uv+us +vs)(4w’ +v +5*)+2p)=0
(uv+us+vs)#20=
Au* +vV +5°)+2p=0 -

2 2 2 _ (18)
u v +s =-p/2

Residue of the equation (17) is:

2

(u4+v4+s4)—p—+s+
2 (19)
6(u*v: +u’s® +1v°s*) =0

And:
uw v +s’ =—§D@s@ﬁ”ﬁ—>
(u2 17 +S2)2 :(_g)z

ut + vt + gt +

2
2.2 2 2 2 2 —
2(u" v +ru"s” +v's )_p_
4
OB ut+vi+s*=4
uw'vi+uls’+vs’ =B =

2

A+2B=2_
4

(20)

It is concluded from equation (19):

2

A+6B:p2 _ @1)

With solving the two equations with two unknown
quantities that named (20) and (21) it is obtained:

2

|"B

p=£ -2
16 4
2
B=uv +uls? +vis =L 2 22)
16 4
A:p_z_p_2+£:p_2+£
4 8§ 2 8 2
2 S
:>A=u4+v4+s4=%+5 (23)

By squaring the expression (22) we will have:

2 . 4.4 4 4 4 4 2.2 2,2 2 2
B =u™Vv' +u's"+v's" +2uvisT(um +v° +s7)

B> =u™v* +u'st +v's* +2—q><(—£)
64 2

2
uvt +utst +4s* = B? +—q6f (24)

From equation (16):

uvs = —%3 utvist = (%)4 (25)

Using expressions (23), (24), and (25) we define a cubic
equation such that roots are u®, v* and s* and also three
previous expressions are satisfied. Cubic equation is defined
as below:

N =@* +v +sHN? + @y +u's* +vis*)N -
(u*v's*) =0

2 2
8 2 16 4 (26)

2
q’p q\e
L2y -Ly =0
o4 NG

Naming the equation roots N, N,, N, (u*,v*,s*)

respectively, this expression is concluded:
x=4[N, +4/N, +¢/N,

4. Examples

Find four roots of x* + 8x + 4 = 0 .
Solution:

x'+8x+4=0=>¢g=8,5s=4,p=0
= A=2,B=-1
N’ -2N’*+N-1=0
N, =1.7549 00
N, =0.1226 +0.7449i = 0.7549080.65

N, =0.1226 —0.7449i = 0.75490 - 80.65

LV 5 1V 5,

With extracting the square root of 3 (ud, v4,

s4):

JN, =1.324700,1.32470180 (10 — 1.3247,-1.3247

VN, =0.8688140.32,0.868801220.3 [II —
0.6624+0.5621i,-0.6224 - 0.5619i
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N, =0.86880 —40.32,0.86881139.67 I —
0.6624 —0.56227,-0.6624 + 0.5622i

The roots which satisfy equation (18) are selected:

JN, =1.3247
JN, = -0.6224 - 0.5619 i

JN, =-0.6624 +0.5622
4/ N, =0.3210 - 0.8749 ,-0.3210 + 0.8749 i
4/N, =0.3210+0.8749,-0.3210 - 0.8749i

4/ N, =1.15095 ,—1.15095

The answers which satisfy equation (16) are selected:

X=utv+s—
x, = -1.7929
x, =—0.5089

x, =1.1510+1.75i
x, =1.1510-1.75i

By using the second method we verify the following

example.

5. Conclusions

The most important point in all of the methods for
solving a quartic equation is the complexity of these

solutions.

To prove the efficiency and simplicity of the proposed
method an example quartic is given in the fourth section of
the paper and it is solved with the proposed initiated method.
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