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Abstract

The issue of stability for linear time-varying delays system under nonlinear terms is
discussed, with delays assumed as time-varying. Delay decomposition approach allows
information of the delayed plant states to be fully considered. A less conservative delay-
dependent robust stability condition is considered, using integral inequality approach to show
the relationship of Leibniz—Newton formula terms in the within the framework of linear matrix
inequalities (LMIs). Merits of the proposed results lie in lesser conservatism, which are realized
by choosing different Lyapunov matrices in the decomposed integral intervals and estimating
the upper bound of some cross term more exactly. A numerical example is given to show the

effectiveness of the condition.
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CHAPTER 1

Introduction and Preliminaries

1.1 Introduction

Delays are often encountered in various mechanics, physics, biology, medicine,
economy, and engineering systems, such as AIDS epidemic, aircraft stabilization, chemical
engineering systems, control of epidemics, distributed networks, inferred grinding model
manual control, microwave oscillator, models of lasers, neural network, nuclear reactor,
population dynamic model, rolling mill, ship stabilization, and systems with lossless
transmission lines [1-10]. Stability analysis of dynamic systems with time-delay is thus the
focus of theoretical and practical importance, with many works recently paying heed to delay-
dependent stability criteria, generally less conservative than delay-independent ones [1,2,4—10].
To derive a less conservative stability criterion, model trans- formation was used in [2] and

parameterized neutral model transformation utilized in [14,15].

Motivated by the afore-mentioned analysis, this work deals with delay-dependent
stability for a class of time-varying delays system with nonlinear perturbations. By developing
delay decomposition approach, information of delayed plant states can be taken into full

consideration ,and a numerical example to show the effectiveness of the obtained result.

1.2 Preliminaries
This work considers time-varying delay systems with non-linear perturbations that can
be described by linear differential difference equations:
%(t) = Cx(t — T(t)) = Ax(t) + Bx(t — h(t)) + Ff(x(t), £) + Gg(x(t — h()),t) ; t>0 (1)
x(t+n)=¢m), Vne[—h0] (2)
with x(t) e R™ as state vector of the system, A,B,C,F,G € R™™ constant

matrices, ¢ () is continuous vector-valued initial function, h(t) is a time-varying delay in the



state, h is an upper bound on delay h(t). f(x(t),t)e R™, and g(x(t — h(t)),t)e R"™ unknown
non-linear perturbations with respect to x(t) and x(t — h(t), respectively, assumed as
free@®, 0f (x(6),t) < a?x"(0)x(t) (3)
g' (x(t — h(0)),D)g(x(t — h(1), 1) < p2x"(t — h(£))x(t — h(t)) (4)
where @ and § are known positive constants.

Case L. h(t) is a differentiable function, satisfying for all t > 0:
0 < h(t) < hand A(t) < hy (5)

7(t) is a differentiable function, satisfying for all t > 0:
0<t()<tandi(t) < 14 <1 (6)
1.3 Basic Concepts

1.3.1Types of Matrix

Let MeR™ ™, then we have the following definition.
Definition 1 Matrix M is semi-positive definite if xTMx > 0 for all xeR™, x # 0.
Definition 2 Matrix M is positive definite if x” Mx > 0 for all xeR™, x # 0.
Definition 3 Matrix M is semi-negative definite if x” Mx < 0 for all xeR™, x # 0.

Definition 4 Matrix M is negative definite if xTMx < 0 for all xeR™, x # 0.

1.3.2 Notations
We give some important notations will be used throughout this thesis: R*denotes the set
of all non-negative real number;
R* denotes the n-dimensional Euclidean space;
M >0 (M > 0) denotes the square symmetric, M is positive (semi-) definite matrix;
M < 0 (M < 0) denotes the square symmetric, M is negative (semi-) definite matrix;
M >N (M > N) denotes the M - N matrix is square symmetric positive (semi-) definite matrix;
M <N (M < N)denotes the M - N matrix is square symmetric negative (semi-) definite matrix;

R™™Mdenotes the space of all (n x m) real matrices;



AT denotes the transpose of the vector/matrix 4;
I denotes the identity matrix;

(4) denotes the set of all eigenvalues of 4;

Amax d-max (ReA: A€ A Ay,
Aminld)-min {Rel:AL€EALA)}:

[| X || denotes the Euclidean vector norm of X ;

1.3.3 Stability of Ordinary Differential Equation

Consider a dynamical system described by

x(6) = f(t,x(6)) (*)
where xeR™ and f is a vector having components f;(t, xy, ..., x,),i = 1,2, ..., n.

We shall assume that the f; are continuous and satisfy standard condition, such as having
continuous first partial derivatives so that the solution of (*) exists and is unique for the given
initial conditions. If f; do not depend explicitly on t, (*) is called autonomous (otherwise,
nonautonomous).
If (t,c) = 0 for all t, where C is some constant vector, then it follows at once from (*) that if
X(tg)=cthen x (t)=C for all £ > t,,. Thus solutions starting at C remain there, and C is said to be
an equilibrium or critical point. Clearly, by introducing new variables X, = x; — ¢; we can arrange
for the equilibrium point to be transferred to the origin; we shall assume that this has been done
for any equilibrium point under consideration (there may well be several for a given system (*)
so that we then have (t,0=0,t>t,).
Definition 5 The equilibrium pointx = 0 is

(i) Stable if, for each € > 0.there is §=6 (€.t;) > 0 such that
Ix(€)ll <8—[lx(O)Il <E.Vt= t; 20, (**)

(ii) Unstable if not stable,

(iii) asymptotically stable if it is stable and there is ¢ = c(t,) > 0



such that

x(t) » 0ast — oo, forall ||x(ty)|l < c.

Definition 6 [20] A function V(-) : R™ — R is said to be Lyapunov-Krasovskii functional if it
satisfies the following :

: : VR 4 :
1.V (x) and all its partial derivatives 5, are continuous.

Xi
2.V (x) is positive definite, i.e. V(0) = 0 andV(x) > 0 for x # 0 in some

neighborhood ||x|| < k of the origin.

3. The derivative of V with respect to (2,2), namely

GV
Cox, *1 9x, *2 0x,, *n
W oy oy
_axlfl axzfz axnfn

is negative semi-definite i.e. V(0) = 0, and for all x satisfy ||x|| < k.V(0) < 0.



CHAPTER 2

Main Result

Lemma 1. [9,10] For any positive semi-definite matrices

X = XT12 XZZ X23 >0 (7)

the following integral inequality holds

t t X11 X2 X3 x(t)
_f 17 (s) X332(s)d < ] [XT(®) x"(t—h(®) *T(s)]|XT12 Xaz  Xps| [x(t—h(D)
t=h(t) t=h(t) XT3 X7y O x(s)

(8)

For system (1)—(6) we give stability condition via delay decomposition approach:

Theorem 1. If 0 < h(t) < Jh, for given three scalars h, §, and h; .Then, for any delay h(t)
satisfy 0 < h(t) < h, fl(t) < h;, and 0 < § < 1, the system described by (1) with (5) is
asymptotically stable if there exist matrices P = PT >0, Q; =Q >0,R;, =Rl >0,(i =

1,2,3,4) and positive semi-definite matrices

_‘Qll ‘(212 .(213 .(214 O 0 0 ‘(218
nr, 0, 0 0 2,0 0 0 f,4
o, o N33 0 0 0 0 35
0= 0, 0 0 {4y O 0 0 fug| (9)
o o, 0 0 055 05 0 0
0 0 0 0 0fg 26 0 0
0 0 0 0 0 0 02,, 0
0Ty 0l 0y 0l o 0 0 fggl




and R; — X33 =20,and R, —Y33>20, Ry + (1 —hy)R3 —Z33 =20 (10)
where

2y, =ATP+PA+Q, + Q3 + &,a?l + 6hZyy + Z13 + 715,

2, = PB + 6hZy, — 713 + 715,

;3 = PF,

0,4 = PG,

0,5 = AT[6hR, + (1 — 8)hR, + ahR3 + R,],

022 = —(1 = hq)Qs + &,8%1 + ShXyy + Xy3 + X{3 + 8hZyp — Zp3 — 733,
0p5 = 6hX1; — Xi3 + X33,

0,5 = BT[6hR, + (1 — §)hR, + ahR5 + R,],

233 = —&l,

03, = FT[6hR, + (1 — §)hR, + ahR3; + R,],

Dy = —&l,

Q47 = GT[6hR; + (1 — §)hR, + ahR5 + R,],

Oss = Q2 — Q + 8hXyp — Xp3 — X33 + (1 = 8)hYyy + Vi3 + Vi,

056 = (1= 8)hYy; — Y13 + Y5,

e = —Q2 + (1 = 8)hY,, — Yo — Y3,

77 = =(1 = t9)Ry,

Ngg = —[6hRy + (1 — 8)hR; + ahR3 + R,].

Proof. A Lyapunov—Krasovskii functional candidate can be constructed as
V() = Vi(t) + Vo(t) + Vs(t) (11)
where
Vi(t) = xT (£) Px(t)
Valt) = £, X7 () Qux(s)ds + [ x7()Qxx(s)ds + ftt_h(t) x7 (s)Q3x(s)ds

. . -5 . .
Vs(t) = f_ogh f;g xT (s) Ryx(s)dsdO + f_hhf;e xT (s) Ryx(s)dsd6
+f_0h(t) f;e xT (s)R3x(s)dsd6 + ftt_r(t) xT (s) Ryx(s)ds



Time derivative of V (t) for te[0, o] along the trajectory of (1) yield
V(t) = Vi(t) + Vo(t) + V3(D) (12)
Vi(t) = xT () Px(t) + xT (t)Px(t)
= 2xT(t)P[Ax(t) + Bx(t — h(t)) + Ff (x(t),t) + Gg(x(t — h(t)), t)
+Cx(t — t(t))]
= xT(£)(ATP + PA)x(t) + xT(t)PBx(t — h(t)) + xT () PFf (x(t), )
+xT(O)PGg(x(t — h(t)),t) + xT(t — h(£))BT Px(t)
+fT(x(t), )FTPx(t) + g7 (x(t — h(t)), t)GT Px(t)

+xT(t)PCx(t — T(t) + x(t — 7(t)CT Px(t) (13)

and

Va(t) = 27 (£)(Q1 + @a)x(8) = xT(£)(t — h()) (1 — h(t) ) Qax(t — h(2))
+x7(t — 6h)(Qy — Q1) x(t — 8h) — xT (¢ — h)Q,x(t — h)
< xT(®)(Q1 + Q3)x(t) — xT(®)(t — h(©))(1 — hy)Qsx(t — h(t))
+x7(t — 6h)(Qy — Q1)x(t — 8h) — xT (¢ — h)Q,x(t — ) (14)

Va(t) = xT(t)(8hR; + (1 — 8)AR, + h(t)R3 + Ry)XT (t) — ft sn X" () Rix(s)ds

_ tt hSh xT (s) sz(s)ds—( h(t)) ft o X T (s)Rzx(s)ds
—(1=@®)E"(t = T(®))R4x(t — (1))

< %T(t)(8hR; + (1 — 8)hR, + ahRs + Ry)x(t) — ft sn X T (s) Ryx(s)ds
— [T (8) Ry(s)ds — (1= hg) [, &7 ()Rsit(s)ds
—(1 =) @7t — T(®)Rx(t — (1)) (15)

Now we estimate the upper bound of the last three terms in inequality (15)

— £ g A7 () Rys(s)ds — 7" &7 () Ry (s)ds — (1 = hg) J ) &7 (5)Ra(s)ds

h(®) Sh .
tt Sht xT (s) Ryx(s)ds — ft xT (s) Ryx(s)ds

ft h(t) x (S)(Rl + (1 - hd)R3)X(S)dS

= — [ 2O 4T (5) (Ry — Xap)%()ds — [ AT (5) (R, — Vs)x'(s)ds



— [ o O Ry + (1= ha)Ry — Z5)(s)ds — [ 47 (5) Xsgi(s)ds
— tt :h T'(s) Yagx(s)ds — ft o X' ($)Z33x(s)ds (16)

From Lemma 1, we obtain

ftt ne xT (s) X33%(s)ds

Sh
t—h(t) X11 X2 Xas| [x(t = h(2)
< f [xT(t —h(t)) xT(t—=86h) xT(s)] |XT12 X2z Xos| | x(t—6h)
e-on XT3 XT3 0 x(s)

< xT(t = h(®))(6h — h(©))X11x(t — h(D)) + xT (¢t — h(t))(6h — h(1))X12x(t — Sh)

t—h(t)

+xT(t = h(0)X13 [, %(s)ds +xT(t — 6h)(6h — h(£))X{,x(t — h(t))

t—h(t)

+xT(t — 8h)(8h — h(£))X52x(t — SR) + xT(t — 6h) X3 f x(s)ds
t—6h

t—h(t)

t—h(t)
+ f xT(s) dsXTax(t — h(t)) + f x7T(s) dsXLx(t — 6h)
t—&h t—8h

< xT(t — h(©))X11x(t — R(®)) + xT(t — h(£))ShX1,x(t — Sh)

+x7 (& = h(0) X3 [0 %(s) ds + x7 (£ — 5R)ShXTyx(t — (D))

+xT(t — 5h)6hX22x(t — 8h) + X7 (t — 5W)Xys [ k(s) ds
+ [0 7 (5) dsxTax (e — h(©) + [0 %7 (s) dsXax(t — 6h)
= xT(t — h(t))[6hXy1 + XT3 + X13] x(t - h(t))
+xT(t — h(£))[6hX12 — X153 + X23]x(t — Sh)
+xT(t — 8R)[ShXT, — XT3 + Xp3]x(t — h(2))

+xT(t — 8h)[6hX,, — X3 — X53]x(t — 8h) (17)
Similarly, we obtain

— [ ET(8) Yask(s)ds < x7(t — SR)[(1 — §)hYyy + Vs + Yis]x(t — 6h)
+xT(t — SK)[(1 — 8)hYyy — Yi5 + Y 1x(t — h)
+xT(t — h)[(1 — 8)AY], — Y + Yoslx(t — Sh)

+xT(t = W)[(1 = §)hYyy — Yo — Yy3]x(t — h) (18)

and



- ff_h(t) T (8)Z33x(s)ds < xT(O[R(E)Z11 + 2T + Z13]x(t)
+xT(O[R(t)Z1; — Z13 + Z2:]x(t — h(D))
+xT(t — h(0))[R(O)ZT, — ZT5 + Zo3]x (D)
+xT(t — h(6))[R()Z3y — Z33 — Z35]x(t — R(D))
< xT(t)[6hZy, + ZT; + Z13]x(b)
+xT(O)[8hZyy — Z15 + Z55]x(t — h(D))
+xT(t — h(£))[6RZ], — ZT5 + Zy3]x(2)

+xT(t — h(t))[6hZy; — Zys — Z15]x(t — (1))

The operator for term x7 (t)[6hR; + (1 — §)hR, + ahR5 + R,] x(t) is as follows:

xT(t)[6hR, + (1 — 8)hR, + ahR; + R,]%(t)
= [A x(t) + Bx(t — h(t)) + Ff(x(t), t) + Gg(x(t — h(t)),t) + Cx(t —t(t))]"
X [8hRy + (1 — 8)hR, + ahR; + R,[ A x(t) + Bx(t — h(t)) + Ff(x(t), t)
+Gg(x(t — h(t),t) + Cx(t —t(t))]
= xT(t)AT[6hR; + (1 — 6)hR, + ahR5 + R,]Ax(t)
+xT()AT[ShR, + (1 — 8)hR, + ahRs + R,]Bx(t — h(t))
+xT(t)AT[ShR; + (1 — 8)hR, + ahRs + R,JFf (x(t),t)
+xT(t)AT[ShR, + (1 — 8)hR, + ahR; + R,]Gg(x(t — h(t)),t)
+xT(t)AT[6hR, + (1 — 8)hR, + ahR5 + R,]Cx(t — t(t))
+xT(t — h(t))BT[6hR, + (1 — 8)hR, + ahR3 + R,]Ax(t)
+xT(t — h(t))BT[6hRy + (1 — 8)hR; + ahR3 + R4]Bx(t — h(t))
+xT(t — h(t))BT[6hR, + (1 — 8)hR, + ahR3 + RFf (x(b), t)
+xT(t — h(t))BT[6hR, + (1 — 8)hR; + ahR3 + R,] Gg(x(t — h(1)),t)
+xT(t — h(t))BT[6hR, + (1 — 8)hR, + ahR3 + R,] Cx(t — T(¢))
+fT(x(t),t)FT[6hR, + (1 — §)hR, + ahR; + R,] Ax(t)
+£T(x(6), t)FT[6hRy + (1 — 8)hR; + ahR3 + R,]Bx(t — h(1))

[ ]

[ ]
+fT(x(t),t)FT[6hR, + (1 — §)hR, + ahR; + R, Ff (x(t),t)
+£T(x(t), t)FT[6hRy + (1 — 8)RR, + ahRs + R,]Gg(x(t — h(1)),t)
[ ]

+fT(x(t),t)FT[6hR, + (1 — 8§)hR, + ahR5 + R,]Cx(t — t(t))

(19)
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+97 (x(t — h(£)),t)GT[6RR, + (1 — 8)hR, + ahR3 + R,]Ax(t)

+97 (x(t — h(£)),t)GT[6RR, + (1 — 8)hR, + ahR3 + R,] Bx(t — h(1))

+97 (x(t = h(£)),t)GT[6RR, + (1 — 8)hR; + ahR3 + RyIFf (x(t), t)

+97 (x(t — h(£)),t)GT[6RR, + (1 — 8)hR;, + ahR3 + R,]Gg(x(t — h(1)),t)

+g7 (x(t — h(t)),t)GT[6hR, + (1 — 8)hR, + ahR; + R,|Cx(t — ©(t))

+xT(t — ©(t))CT[6hR, + (1 — 8)hR, + ahR3 + R,]Ax(t)

+xT(t — ©(t))CT[6hR, + (1 — 8)hR; + ahR3 + Ry]Bx(t — (b))

+x7(t — 7(6))CT[6RR, + (1 — 8)hR, + ahR;3 + R,IFf (x(0),1)

+xT(t — ©(t))CT[6hR, + (1 — 8)hR, + ahR3 + R,] Gg(x(t — h(t)),t)

+xT(t — 7(t))CT[6hR, + (1 — 8)hR, + ahR3 + R,]Cx(t — T(¢)) (20)

Note that for any & = 0,&, = 0, it follows from (3) to (4) that

gla?xT(®)x(t) — fT(x (), ) f(x(t), )] =0 (21)
and
&[B2xT(t — h(t))x(t — (1)) — &" (x(t — h(t)),t)g(x(t — h(t)),t)] = 0 (22)

Combining (12) and (22) yields

Vie) < ETOZE@) — [T £ (5) (Ry — Xa)x(s)ds — [ &7 (5)(Ry — Yaz)i(s)ds
— [ o X" )Ry + (1= hg)Rs — Z3)i(s)ds (23)

where

FO=K"®) x"(t—h@®) &t g (x(t—h@®))x@—sh)x(t—h) x7(t—1)]

Ey Ei2 Eiz Eia O 0
=T = = o) = 0
S12 =22 ©23 =24 =25
=T =T o =
- _ | ©13 =23 =33 =34 0 0 <0
= =r T T g 0 0
~14 =24 =34 “44
=T =i =i
0 2. 0 0 ZE55 Zse
=T )
L o 0 0 0 &L 5l




with

51 =ATP+PA+Q+ Q3 +&,a?l + ShZyy + Zy5 + ZF; + AT[ShR, + (1 — §)hR, +
ahR3; + R4]A,

[x)

12 — PB + 6h212 - Zl3 + Z;3+AT[6hR1 + (1 - 6)hR2 + ahR3 + R4_]B )

[x)

13 — PF+AT[6hR1 + (1 - 6)hR2 + athg + R4]F,

)

14 — PG+AT[6hR1 + (1 - 6)hR2 + ahR3 + R4]G,

[x

[x)

22 = —(1 = hy)Qz + &% + 6hXyy + Xy3 + X{5 + 6hZyy — Zy3 — Z1,
+BT[6hR; + (1 — 6)hR, + ahR; + R,]B,
523 = BT[(Sth + (1 - 6)hR2 + (lhR3 + R4_] F,

[x)

24 — BT[6hR1 + (1 - 6)hR2 + ahR3 + R4]G,

)

25 = (Sthz - X13 + X%‘3 == 81]+FT[6hR1 + (1 - 6)hR2 + (XhR3 + R4]F,

[x

[x]

34 — FT[(Sth + (1 - 6)hR2 + (lhR3 + R4]G,
544_ - —821+GT[5hR1 + (1 - 6)hR2 + (lhR3 + R4]G ,

[x]

55 = Q2 — Q1 + 8hXy; — Xo3 — X735 + (1 — 8)hYy1 + Yiz + Y5,

56 = (1= 8)hYy, — Vi3 + Y5,

[x]

[1]

66 = —Q2 + (1 — 8)hYyy — Yo3 — V5.

From Eq. (1) and Schur complement, it is easy to see that

V(t)< OhOIdSile_ng ZO,RZ—Y33 = 0,R1+(1_hd)R3—Z33 ZO,and

0 < h(t) < 8h.
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CHAPTER 3

A numerical example

3.1 A numerical example
In this section, a numerical example are given to show the effectiveness of the proposed
method.

Example 3.1 Consider the system (1) with

x(t) — Cx(t — 7(t)) = Ax(t) + Bx(t — h(t)) + Ff(x(t), t) + Gg(x(t — h(£)),t) (1)
a=[y A1 s=[0 O =[5 3 6=[p 3] ¢=[%" oos)
1 o0

I |, @=005 =01, r=05 6=02 h=05

o1
Solution: Using MATLAB LMI toolbox. Theorem 1 are feasible with solution given by,

441689 —0.3068

P= [—0.3068 21.9952

0, = [ 41594  —433633 0| 22.7029 —27.9703]
17| _433633 —8.6419 |’ 2= [ 279703 —9.6759
_ o 49478 —0.3000
3= 1X10%] 53000 5.6606
. _ [ 1108254 0.0287 < =[12.1123 —0.0101
1 0.0287 110.8728!" 2= _00101  12.1037
r. _ [396.0537 0.0463
| =

0.0463 396.02521
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CHAPTER 4

Conclusion

Theorem 1. If 0 < h(t) < 6h, for given three scalars h, §, and h; .Then, for any delay h(t)
satisfy 0 < h(t) < h, h(t) < hy, and 0 < § < 1, the system described by (1) with (5) is
asymptotically stable if there exist matrices P = PT >0, Q; =Qf >0,R;, =Rl >0,(i =

1,2,3,4) and positive semi-definite matrices

211 D1 Q3 024, O 0 0 2451
0 02 0 0 M O 0 (s
Nt o 33 0 0 0 0 34
0= _(214 0 0 .(244_ 0 0 0 '(24-8 <0 (9)
0 o, 0 0 5 05 0 O
0 0 0 0 05 2 0 0
0 0 0 0 0 0 02, 0
0Tyl nk, 0k 0 0 0 gl
al’ld Rl - X33 2 0, al’ld RZ - Y33 2 O, Rl + (1 - hd)R3 - 233 2 O (10)

where

011 =ATP+ PA+ Q1+ Q3 + &% + 6hZyy + Z13 + Z13,

0y, =PB+6hZy; —Z13+ 735,

2,3 = PF,

44 = PG,

Qg = AT[6hR, + (1 — §)hR, + ahR3 + R,],

02 = —(1 = hg)Q3 + &8 + 8hXyy + X153 + X{3 + 8hZyp — Zp3 — 733,
0p5 = 6hX1; — X135 + X33,

!228 = BT[5hR1 + (1 - 6)hR2 + ahR3 + R4] )



33 = —¢&1,

037, = FT[6hR; + (1 — §)hR, + ahR3 + R,],

Q44 = —&51,

Q47 = GT[6hR; + (1 — 6)hR; + ahR3 + R,],

055 = Qz — Q1 + 8hXp; — Xp3 — X35 + (1 — §)hYyy + Vi3 + Y5,
056 = (1= 8)hY, — Vi3 + Y55,

0ge = —Qz + (1 = 8)hYyp — Vo3 — ng ,

77 = =(1 = 19)Ry,

‘(288 = —[6hR1 + (1 — 6)hR2 + ahR3 + R4]

14
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MATLAB CODE

A:[_ZIO;OI_]'];
1 ’ 0;-1 ’ -11;

B=[-
C=[0.05,0;0,0.057;
F=[1,0;0,11;
G=[1,0;0,11;
a=0.05;

b=0.1;

h=0.5;

d=0.2;

I=[

t=0

setlmis (
P=Imivar (1l
Ql=1mivar(
Q2=1mivar(
Q03=1mivar (
Q4=1mivar (
Rl=1mivar (
R2=1mivar (
R3=1Imivar(
(

(

(

(

~
~ SN SN N =~

~

~

R4=1mivar
el=1lmivar
e2=1lmivar
e3=1lmivar

~ ~

~

\
— e e e e N
PEEDNDNDNDNDNDN NS

N
PR R R R R B R R

~

X1ll=lmivar
X12=1lmivar
X13=1lmivar
X22=1lmivar
X23=1lmivar
X33=1lmivar
Yll=lmivar
Yl2=1lmivar
Y13=1lmivar
Y22=1mivar
Y23=1lmivar
Y33=1lmivar
Zll=1lmivar
Zl2=1mivar
Z13=1mivar
Z222=1mivar
Z223=1mivar
Z233=1mivar

N N SN N N S~ O~

~

N NN NDNNDNNDNNDNDNDNDNDNDNDDNDDNDDNDDNDDND
N NS SN S SN S~ O~
N NN NDNNDNNDNNDNDNDNDNDNDNDDNDDNDDNDDNDDND

NN NDNDNNNDNDNDNNDNDDNDNDNDNDNDNDDNDDN
~

~ N~ 0~

Imiterm([-1 1 1

Imiterm([-2 1 1 Q11,1,1);

Imiterm([-3 1 1 Q21,1,1);

Imiterm([-4 1 1 Q31,1,1);

Imiterm([-5 1 1

Ne Ne Ne Ne Ne Ne Ne N

o N

Ne Ne Ne Ne Ne N

~.

[ O U T S VN VT ST S VA S S S
—_— - = - — - - - - — — — — — — — — —
~

~.

P],1,1);

0]1,04);

o

oe

o

o\

LMI

LMI

LMI

LMI

LMI

#1:

#2:

#3:

#4:

#5:

01

02

Q3

04
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Imiterm([-6
Imiterm ([-7
Imiterm ([-8
Imiterm ([-9

Imiterm([-10
Imiterm([-10
Imiterm([-10
Imiterm([-10
Imiterm([-10
Imiterm([-10
Imiterm
Imiterm
Imiterm
Imiterm
Imiterm

-11
-11
-11
-11
-11
Imiterm([-11

(
(
(
(
(
(

— — —

Imiterm
Imiterm
Imiterm
Imiterm
Imiterm
Imiterm

o~ o~ o~~~ —~

[-12
[-12
[-12
[-12
[-12
[-12

Imiterm([-13
Imiterm([-13

Imiterm([-14
Imiterm([-14

Imiterm([-15
Imiterm([-15
Imiterm([-15

SYMMETRIC?)

Imiterm([-15

Imiterm
Imiterm

—_ o~

[
[

W wwNN R w wwNhN

wwwhNhN -

=

16 1 1 P],A",1,
16 1 1 01]1,1,1);
Imiterm([16 1 1 0],el*a”2*I+d*h*Z211+Z13+213");

1 R1],1,1);
1 R21,1,1);
1 R31,1,1);
1 01,R4);

0],X11);
0],X12");
0],X22);
01,X13");
0],X23")
0],X33);

’

WN RN R

01,Y11);
01,Y12");
0],Y22);
0],Y13");
0],Y23");
0],Y33);

WN RN e

01,211);
01,212");
01,222);
01,213");
01,223");
01,233);

WN RPN R

[uy

R11,1,1);
01,-X33);

[uy

1 RrR2],1,1);
1 01,-Y33);

1 RrR11,1,1);
1 R3],1,1);

1 R3], .5*%h*d,-1,"

1 0],-233);

el*a”"2*I+d*h*Z211+213+213"
21 -pP],1,B");

Imiterm([16
Imiterm([16
713'+723
Imiterm([16
Imiterm([16
SYMMETRIC?)
Imiterm([16

Imiterm([16
Imiterm(
Imiterm (
Imiterm (
Imiterm (
X13'+X23

[16
[16
[16
[16

2

N

2

2

3

O bW

1 0],d"*h'*Z212'-213"+Z23) ;

2 Q3]111_1);

2 Q3],.5*h*d,1,'s");

2 01,e3*p"2*I+d*h*X11+X13+d*h*Z22-
e3*b"2*I+d*h*X11+X13+d*h*Z22-223-223"

1 _P]IllF');
3 0],-el*1);
1 -p],1,G");
4 0],-el*1);
2

0],d"*h'*X12'-X13"'+X23) ;

's');

20

% LMI #6: R1
% LMI #7: R2
% LMI #8: R3
% LMI #9: R4
% LMI #10: X11
% LMI #10: X12'
% LMI #10: X22
% LMI #10: X13'
% LMI #10: X23!'
% LMI #10: X33
% LMI #11: Y11
% LMI #11: Y12'
s LMI #11: Y22
% LMI #11: Y13'
% LMI #11: Y23'
% LMI #11: Y33
% LMI #12: Z11
% LMI #12: z12"
% LMI #12: 722
% LMI #12: 713"
% LMI #12: 723!
% LMI #12: 733
% LMI #13: R1
% LMI #13: -X33
% LMI #14: R2
% LMI #14: -Y33
% LMI #15: R1
% LMI #15: R3
% LMI #15: -h*d*R3 (NON
% LMI #15: -7Z33
% LMI #16: A'*P+P*A
$ LMI #16: Q1
$ LMI #16:
% LMI #16: P'*B'
% LMI #16: d'*h'*Z12'-
$ LMI #16: -Q3
$ LMI #16: h*d*Q3 (NON
7223-7223"); % ILMI #16:
$ LMI #16: P'*F'
$ LMI #16: —-el*I
% LMI #16: P'*G'
% LMI #16: —-el*I
$ LMI #16: d'*h'*X12'-



Imiterm([16 5 5 Q21,1,1);
Imiterm([16 5 5 Q11,1,-1);

Imiterm([16 5 5 0],d*h*X22-X23-X23"'+h*Y11-d*h*Y11+Y13+4Y13")
#16: d*h*X22-X23-X23"'+h*Y11-d*h*Y11+Y13+Y13'
Imiterm([16 6 5 0],h'*Y12'-d'*h'*Y12'-Y13'+Y23);

d'*h'*Y12'-Y13'4+Y23

Imiterm([16
Imiterm([16
Y23-Y23"
Imiterm (
Imiterm (
Imiterm (
Imiterm (
Imiterm (
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
Imiterm(
SYMMETRIC?)
Imiterm([16
SYMMETRIC?)
Imiterm([16
SYMMETRIC?)
Imiterm([16
SYMMETRIC?)
Imiterm([16

[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16
[16

6
6

0O OO CO 0O 0O 0O CO 0O OO CO OO 0O OO CO OO CO OO O OO O 0O I

Math=getlmis;

6
6

OB B BB PWWWWWNDDNDNNDNDNNNRERRRREREJ

021,1,-1);

0]1,h*Y22-d*h*Y22-Y23-Y23");

0], -R4+t*d*R4) ;
-R1],A*d"'*h',1);
-R2]1,A*h',1);
-R2],A*d"*h',-1);
-R3],A*a'*h',1);
0],A*R4");
-R1],B*d'*h',1);
-R2]1,B*h',1);
-R2],B*d'*h',-1);
-R3],B*a'*h',1);
0],B*R4") ;
-R1],F*d'*h',1);
-R2],F*h',1);
-R2],F*d'*h',-1);
-R3],F*a'*h',1);
0],F*R4");
-R1],G*d"'*h',1);
-R2]1,G*h',1);
-R2],G*d'*h',-1);
-R3],G*a'*h',1);
0],G*R4");

R1],.5*d*h,-1,"'s");

R2],.5*%h,-1,"'s");

R2],.5*d*h,1,'s");

R3], .5*a*h,-1,"'s");

0],-R4);

[tmin, xfeas]=feasp (Math)
P=dec2mat (Math, xfeas, P)
Ql=dec2mat (Math, xfeas,Ql
Q2=dec2mat (Math, xfeas, Q02
Q3=dec2mat (Math, xfeas, Q3

Rl=dec2mat

R2=dec2mat (Math, xfeas,R2
R3=dec2mat (Math, xfeas,R3

)
)
)
Math, xfeas,R1)
)
)

o
°

o

°

o

o°

A° A0 A C A O° O° A° A° A A A O A° O° A° O° A° A° o° oe

oe

o\°

oe

o\°

LMI #16:
LMI #16:

s LMI

LMI #16:
LMI #16:

LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:
LMI #16:

LMI #16:

LMI #16:

LMI #16:

LMI #16:

Q2
-0l
; % LMI
#16: h'*yl2'-

-Q2

h*Y22-d*h*Y22-

—R4+t*d*R4
A*d'*h'*R1'
A*h'*R2"
_A*dV *hV *R2V
A*aV*hV*R3V
A*R4"
B*d'*h'*R1"
B*h'*R2'
~B*d'*h'*R2"
B*a'*h'*R3'
B*R4"
F*d'*h'*R1"
F*h'*R2'
~F*d'*h'*R2"
F*a'*h'*R3"'

F*R4"
G*d'*h'*R1"
G*h'*R2'
~G*d'*h'*R2"
G*a'*h'*R3'
G*R4"

-d*h*R1 (NON
-h*R2 (NON

d*h*R2 (NON
-a*h*R3 (NON

-R4
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