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CHAPTER I

Introduction and Preliminaries

A metric space X is a CAT(0) space if it is geodesically connected and if
every geodesic triangle in X is at least as ’thin’ as its comparison triangle in the
Euclidean plane. It is well known that any complete, simply connected Riemannian
manifold having non-positive sectional curvature is a CAT(0) space. Other examples
include Pre-Hilbert space (see [2]), R-trees (see [12]), Euclidean buildinges (see
[3]), the complex Hilbert ball with a hyperbolic metric (see [8]), and many others.
For a thorough discussion of these spaces and of the fundamental role they play in
geometry, we refer the reader to Bridson and Haefliger [2].

Fixed point theory in a CAT(0) space has been first studied by Kirk (see
[14,15]). He showed that every nonexpansive (single-valued) mapping defined on a
bounded closed convex subset of a complete CAT(0) space always has a fixed point.
It 1s worth mentioning that the results in a CAT(0) space can be applied to any
CAT (k) space with k < 0 since any CAT(k) space is a CAT(k') space for every k'>k
(see, e.g., [2]).

The Mann iteration process is defined by the sequence {x,},

T € K,
(1.1)
Tp41 = (1 - an)xn + OénTxn» n > 17

where {a,,} is a sequence in (0,1).

Further, the Ishikawa iteration process is defined by the sequence {z,},

T € K,
(1.2) Tpi1 = (1 — o)y + 0, Tyn,

Yn = (1 - ﬁn)l'n + 5nT$n7 n > 17

where {«,} and {f,} are the sequences in (0,1). This iteration process reduces



to the Mann iteration process when (3, = 0 for all n > 1.
In 2007, Agarwal, O’Regan and Sahu [1] introduced the S-iteration process

in a Banach space,

X € K,

where {«,} and {3,} are the sequences in (0,1). They showed that their pro-
cess is independent of those of Mann and Ishikawa and converges faster than both
(see [1, Proposition 3.1]).

Schu [22], in 1991, considered the modified Mann iteration process which

is a generalization of the Mann iteration process,

T € K,
(1.4)

Tor1 = (1 — ap)x, + a0, Ty, n>1
where {a,} is a sequences in (0,1).
Tan and Xu [25], in 1994, studied the modified Ishikawa iteration process

which is a generalization of the Ishikawa iteration process,

x| € K,

Yn = (1 = Bn)xpn + BT xy, n>1,

where {«a,} and {0,} are the sequences in (0,1). This iteration process reduces
to the modified Mann iteration process when (3, = 0 for all n > 1.
In 2007, Agarwal, O’Regan and Sahu [1] introduced the modified S-iteration

process in a Banach space,



x| € K,
(1.6) Tp+1 = (1 - O‘n)Tnxn + @, T"Yn,

Yn = (1 = Bn)xpn + BT xy, n>1,

where {a,,} and {(,} are the sequences in (0,1). Note that (1.6) is independent
of (1.5) (and hence of (1.4)). Also (1.6) reduces to (1.3) when 7™ =T for all n > 1.
In 2013, Sahin and Basarir [20] modified iteration process (1.6) in a CAT(0)
space as follows :
Let K be a nonempty closed convex subset of a complete CAT(0) space X
and let 7 : K — K be an asymptotically quasi-nonexpensive mapping with F(T) #

(). Suppose that {z,} is a sequence generated iteratively by

xr1 € K,
(L.7) Tpi1 = (1 — )Tz, @ Ty,

Yn = (1 - ﬁn)xn @ﬁnTnxm n = 1:

where {a,,}, {,} are the sequences such that 0 < «,,

B, < 1 for all n > 1. They studied modified S-iteration process for asymptotically
quasi-nonexpensive mappings on the CAT(0) space and established some strong con-
vergence results under some suitable conditions which generalize some results of
Khan and Abbas [10].

Very recently, Saluja [21] studied the following iteration scheme

T € K,
(1.8) Tp1 = (1 — an) T2z, @ a0 S"Yn,
Yn = (1 - ﬂn)xn @ﬁnTnxm n > 17
where {«,},{0,} are the sequences such that 0<a,, (,<I for all n>1 and give

the sufficient condition for convergence to a common fixed point in the setting of

CAT(0) space and also establish some strong convergence results under some suitable



conditions.

We now further modify (1.8) for two mappings in a CAT(0) space as follows:
Let K be a nonempty closed convex subset of a complete CAT(0) space X and let
S, T : K—K be two asymptotically quasi-nonexpansive mappings with F = F(S) N

F(T) # (). Suppose that {z,} is a sequence generated iteratively by

xr € K,
(1.9) Tp1 = (1 — ) T"yn D 0 S" Yy,

Yn = (1 = Bp)x, @ BTy, n>1,

where {a,,},{3,} are the sequences such that 0<a,,, 3,<1 for all n>1.

The aim of this paper is to study the newly defined two-step iteration scheme
(1.9) for two asymptotically quasi-nonexpansive type mappings and give the sufficient
condition to converge to common fixed point in the framework of CAT(0) space and
also establish some strong convergence results under some suitable conditions. Our
results extend and generalize many known results from the previous work given in
the existing literature.

In order to prove the main results of this paper, we need the following
definitions, concepts and lemmas :

Let (X,d) be a metric space and K be its nonempty subset. Let T : K — K
be a mapping. A point x € K is a called a fixed point of 7 if Tx = x. We will also
denote by F, The set of common fixed point of S and T, that is, F = {x € K : Sx =
Tx = x}.

The concept of quasi-nonpansive mapping was introduced by Diaz and Mat-
calf [5] in 1967, the concept of asymptotically nonexpansive mapping was introduced
by Goebel and Kirk [7] in 1972. The iterative approximation problems for asymptot-
ically quasi-nonexpansive mappings was studied by many authors in a Banach space

and a CAT(0) space (see, e.g. [6, 11, 16, 17, 21, 23]).



DEFINITION 1.1. Let (X,d) be a metric space and K be its nonempty subset.
Than T : K — K ia said to be

(1) nonexpansive if d(Tx,7y) < d(x,y) for all x,y € K ;

(2) asymptotically nonexpansive if there exists a sequence {r,} C [0,00) with

lim,, o7, = 0 such that d(T"x,T"y) < (1 + r,)d(x,y) for all x,y € K and n>1 ;

(3) quasi-nonexpansive if d(Tx,p) < d(x,p) for all x € K and p € F(T) ;

(4) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence

{r,} C [0,00) with lim,_, .7, = 0 such that d(T"x,p) < (1 + r,)d(x,p) for all x €
K, p € F(T) and n>1 ;

(5) asymptotically nonexpansive type [13], if

lim Supn_m{ SUDP, yek ( d(T'x, T"y) — > } 0
(6) asymptotically quasi-nonexpansive type [19], if F(T) # () a

lim Supn_)oo{ SUD,e i pe F(T) ( d(T"z,p) ) }
(7) uniformly L-Lipschitzian if there exists a constant L > 0 such that

d(T"x,T"y) < Ld(x,y) for all x,y € K and n > 1 ;
(8) semi-compact if for a sequence {z,} in K with lim, ...d(x,,Tz,) = 0, there

exists a subsequence {z,, } of {z,} such that z,, — p € K.

REMARK 1.2. Form Definition 2.1, it is clear that the class of quasi-nonexpansive
mappings, asymptotically nonexpansive mappings, asymptotically quasi-nonexpansive
mappings and asymptotically nonexpansive type mappings include nonexpansive map-
pings, whereas the class of asymptotically quasi-nonexpansive mappings, asymp-
totically nonexpansive mappings, asymptotically quasi-nonexpansive mappings and
asymptotically nonexpansive type mappings. The reverse of these implications may
not be true.

Let (X,d) be a metric space. A geodesic path joining x € X to y € X (or,
more briefly, a geodesic from x to y) is a map ¢ from a closed interval [0,/] C R

to X such that c(0) = x, ¢(l) = y and d(c(t),c(t') = |t —t| for all 7, ¢ € [0,]]. In



particular, ¢ is an isometry and d(x,y) = [. The image « of c is called a geodesic (or
metric) segment joining x and y. We say that X is (i) a geodesic space if any two
point of X are joined by a geodesic and (i1) uniquely geodesic if there is exactly one
geodesic joining x and y for each x,y € X, which we will denote by [x,y], called the
segment joining x to y.

A geodesic triangle A(z1,72,x3) in a geodesic metric space (X,d) consists
of three point in X (the vertices of /) and a geodesic segment between each pair of
vertices (the edges of /). A comparison triangle for geodesic triangle A(z1,72,73)
in (X,d) is a triangle A(z1,%2,23) := A(ZF1,%2,73) in Euclidean plane R? such that

dg2(7;,7;) = d(z;,z;) for i,j € {1,2,3}. Such a triangle always exists (see [2]).

CAT(0) space

A geodesic metric space is said to be a CAT'(0) space if all geodesic trian-
gles of appropriate size satisfy the following C'AT'(0) comparison axiom.

Let A be a geodesic triangles in X, and let A C R? be a comparison
triangle for A. Then A is said to satisfy the CAT(0) inequality if for all z.y € A
and all comparison points 7,7 € A,

(1.10) d(w,y) < de2(T, 7).

Complete CAT(0) space are often called Hadamard spaces (see [9]). If x,y1,y» are
points of a CAT(0) space and g, is the midpoint of the segment [y;,y>] which we
will denote by (y; @ vy2)/2, then the CAT(0) inequality implies

(1.11) & (z, 252) < 5P (z, 1) + 5 (2, y2) — 147 (41, v2)-

The inequality (1.10) is the (CN) inequality of Bruhat and Tits [4].

Let us recall that a geodesic metric space is a CAT(0) space if and only if
it satisfies the (CN) inequality (see [2, page 163]).

A subset K of a CAT(0) space X is convex if for any x,y € K , we have
[xy] C K.

We need the following useful lemmas to prove our main results in this paper.



LEMMA 1.3. (see [18]) Let X be a CAT(0) space.
(1) For x,y € X and t € [0,1], there exists a unique point z € [x,y] such that
(A) d(x,z) = td(x,y) and d(y,z) = (1 — 1)d(x,y).

We use the notation (1 - #)x®try for the unique point z satisfying (A).
(i1) For x,y € X and ¢t € [0,1], we have

d(1 =t ®ty,z) < (1 —t)d(z,z) + td(y, 2).

LEMMA 14. (see [24]) Suppose {a,} and {b,} are two sequences of nonneg-
ative numbers such that a,.1 < a, + b, for all n > 1. If Z:’:lbn converges, then

lim,,_. oo, €xists.

EXAMPLE 1.5. (An asymptotically quasi-nonexpansive type mapping whose fixed
point set is not closed). Let X = R, K = [-1,1] and d(x,y) = |z — y| be the usual
metric on X.

Let T : K — K be a mapping defined by

x, if xel[-1,0),
T(x) = 5, if  x=0,
22, aif oz e€(0,1]

Then T is an asymptotically nonexpansive type mapping and 7 is discontinuous
at x = 0 and hence 7T is not Lipschitzian. Also notice that F(7T") = [0,1) is not closed.
We prove that

(*) limsup,, { Tz — T"y| — |z — 3 } <0,
for all x,y € [-1,1] and n > 1. The inequality above holds trivially if x = y = 0 or
x,y € [-1,0). Then it suffices to consider the following cases.

Case 1 (x,y € (0,1]). Then



limsup, o { [T — Tyl — |o — y] }:hm SUPp 00 { 2% — y*"| — |z — g }SO-
Case 2 (x € [-1,0) and y = 0). Then

limsup,, ., { T2 — TMy| — |z — 9| } = limsup,,_, { |z — 2Ln| — |z -y }SO.
Case 3 (x € [-1,0) and y € (0,1]). Then

limsup,, o { T2 — T y| — |z — y| } = limsup,, . { [z — ™| — |z =y }SO-
Case 4 (x =0 and y € (0,1]). Then

limsup,, o { T2 — Ty| — |z — y| } = limsup,, { |57 — v = |z — 9| }30-

Hence the condition (*) holds. This completes the proof. .
Now, we give a sufficient condition which guarantees the closedness of the

fixed point set of an asymptotically quasi-nonexpansive type mapping.

PROPOSITION 1.6. Let K be a nonempty subset of a complete CAT(0) space
X and T : K — K be an asymptotically quasi-nonexpansive type mapping. If G(T)
= {(x,Tx) : x € K} is closed, then F(T) is closed.
Proof. Let {p,} be a sequence in F(T) such that p,, — p as n — oo. Since T is an
asymptotically quasi-nonexpansive type mapping, so we put

Cr = max{ 0, SUD,e p(1) 1 ( d(T"z,p) — d(x,p) ) }
such that "> ¢, < co. Now, we have

d(T"p,p) < d(T"p,pn) + d(pn,p)

< d(pn,p) + cn + d(pn, p)

= 2d(pn,p) + ¢, — 0,as n — oo.
Then T"p — p, and so T(T"p) = T"'p — p. Hence by closedness of G(T), T, = p,
that is, F(T) is closed. Thus we conclude that the fixed point set for non Lipschitzian

mapping must be closed. This completes the proof. .



CHAPTER 1I

Main results

In this section, we establish some strong convergence results for a new two-
step iteration scheme (1.9) to converge to a common fixed point of two asymptotically

quasi-nonexpansive type mapping in the setting of CAT(0) space.

THEOREM 2.1. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and let S,7 : K — K be two asymptotically quasi-nonexpansive type map-
pings with F = F(S) N F(T) # 0 closed. Suppose that {z,} is defined by the

iteration process (1.9). Put

2.1 b, = max{ 0, SUPpe (1) n>1 ( d(S"™z,p) — d(x,p) ) }
and
(2.2) Qn = max{ 0, SUPpe p(7)n>1 ( d(T"x,p) — d(x,p) ) }

such that > ° P, < oo and >~ Q, < oo. If liminf, . d(z,, F) = Oor
limsup,,_,, d(x,, F') = 0, where d(z, F) = inf,cp d(x,p), then the sequence {x,}
converges strongly to a point of F.
Proof. Let p € F'. From (1.9), (2.2) and Lemma 1.3(ii), we have
(2.3) d(Yn,p) = d((1 = Bn)z @ BuT 20, p)
(1 = Bu)d(zn, p) + Bnd(T"xn, p)
(1 = Ba)d(zn, p) + Buld(zn, p) + Qn]
< d(zp,p) + Qn.
Again using (1.9), (2.1)-(2.3) and Lemma 1.3(ii), we have

IA

IN

(2.4) d(@ni1,p) = d((1 = an)T"Yn ® S"Yn, D)
< (L= an)d(T"yp, p) + ad(S™yn, p)
< (L= an)[d(yn, p) + Qn] + an[d(yn, p) + Po]
< (L= an)d(yn, p) + nd(yn, p) + @n + Pa
< (1= an)d(yn, p) + on[d(yn, p) + Qu] + Qn + Pa



10

= d(Yn,p) + 200 + Fu
< d(xn,p) + P, +20Q,
= d(x,,p) + Hy,
where H,, = P, + 2Q,,. Since by hypothesis Y > P, < oo and >~ @, < oo, it
follows that >~ H, < oc.
The inequality (2.4) gives
(2.5) d(zpi1, F) < d(zn, F)+ H,.
Since by hypothesis > ° | H,, < oo, by Lemma 1.4 and lim inf, .. d(z,, F') = 0 or
limsup,,_,.. d(x,, F)) = 0 we obtain that
(2.6) lim,, oo d(z,, F) = 0.
Now, we show that {z,} is a Cauchy sequence in K.
From (2.4), we have
2.7 A(Tpim,P) < A Tpim-1,P) + Hovm-1

<

< d(wn,p) + 00 Hy,
for the natural numbers mn and p € F. Since lim, .. d(z,, F) = 0, therefore
for any € > 0. there exists a natural number ny such that d(z,, F) < £/4 and
vl [y < e /4 for all n > ng. So, we can find p* € F such that d(z,,, p*) < /4.

Hence, for all n > ng and m > 1, we have

(28) d(ajn—i-ma xn) S d(-rn—i-m;p*) + d(xnap*)
<A@, ) + St Hy 4 d(@ng, p*) + Y H

2d(zpy, p*) + 2 Z"J’m g

< 25 +2(3) =

This shows that {x,} is a Cauchy sequence in K. Thus, the completeness of X im-
plies that {z, } must be convergent. Assume that lim,,_,, z,, = ¢. Since K is closed,
therefore ¢ € K. Next, we show that ¢ € F. Now lim,,_., d(z,, F') = 0 gives that

d(q, F) = 0. Since F is closed, ¢ € F. This completes the proof. .
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THEOREM 2.2. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and let S,7 : K — K be two asymptotically quasi-nonexpansive type map-
pings such that F = F(S) N F(T) # () closed. Suppose that {z,} is defined by the
iteration process (1.9) and P, and @),, be taken as in Theorem 2.1. If S and T satisfy
the following conditions :
(i) lim,, o d(zp, Sz,,) = 0 and lim,, ., d(z,, Tx,) = 0.
(ii) If the sequence {z,} in K satisfies lim,,_., d(z,, Sz,) = 0 and lim,,_,o. d(2,, T'z,) =
0, then
liminf, .. d(z,, ) = 0 or limsup,,_,. d(z,, F') = 0.
Then the sequence {z,} converges strongly to a point of F.
Proof. If follows from the hypothesis that lim,, ., d(x,, Sx,) = 0 and lim,, ., d(x,,, Tz,) =
0. From (ii), liminf, . d(z,, F) = 0 or limsup,,_, . d(z,, F') = 0. Therefore, the
sequence {z,} must converge to a point of F by Theorem 2.1. This completes the
proof. .
THEOREM 2.3. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and letS,T : K — K be two uniformly L-Lipschitzian and asymptotically
quasi-nonexpansive type mappings such that F = F(S) N F(T) # () closed. Suppose
that {x,} is defined by the iteration process (1.9) and P, and @, be taken as in
Theorem 2.1. If either S is semi-compact and lim,, ., d(x,, Sx,) =0 or T is semi-
compact and lim,,_,, d(z,, Tz,) = 0, then the sequence {z,} converges strongly to
a point of F.
Proof. Suppose that T is semi-compact and lim,, .., d(x,,Tz,) = 0, Then there
exists a subsequence {z,} of {z,} such that z,, — p € K. Also, we have
lim; .o d(2n;, Tzy,,) = 0. Hence, we have
d(p,Ty) < d(p,xn,) + d(wy,, Tay,) + d(Ty,, T))
< (1+ L)d(p, zy,) + d(zy,, Tzy,) — 0.

Thus p € F. By (2.4),

d<xn+1ap) S d($nap)+Hn
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Since by hypothesis >~ H, < co, by Lemma 1.2 and lim,,_, d(z,,p) exists and
T,, — p € I gives that ¥, — p € F. This shows that {z,} converges strongly to a
point of F. This completes the proof. .

As an application of Theorem 2.1, we establish another strong convergence
result as follows.
THEOREM 2.4. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and let S,7 : K — K be two asymptotically quasi-nonexpansive type mappings
such that F = F(S) N F(T) # () is closed. Suppose that {z,,} is defined by the iteration
process (1.9) and P, and (), be taken as in Theorem 2.1. If S and T satisfy the
following conditions :
(i) lim,, . d(zp, Sz,,) = 0 and lim,, ., d(z,, Tx,) = 0.
(ii) There exists a constant A > 0 such that

5| d(@n, Szn) + d(xn, Txy) | = Ad(zn, F).

Then the sequence {x,} converges strongly to a point of F.
Proof. From conditions (i) and (ii), we have lim, . d(x,, F) = 0, it follows as in
the proof of Theorem 2.1, that {x,} must converges strongly to a point of F. This

completes the proof. .



CHAPTER III

Conclusions

1) Let K be a nonempty subset of a complete CAT(0) space X and 7 : K
— K be an asymptotically quasi-nonexpansive type mapping. If G(T) := {(x,Tx) : x

€ K} is closed, then F(T) is closed.

2) Let K be a nonempty closed convex subset of a complete CAT(0) space X
and let S,7 : K — K be two asymptotically quasi-nonexpansive type mappings with

F = F(S) N F(T) # () closed. Suppose that {z,} is defined by the iteration process

(1.9). Put

D P, = max{ 0, SUPpe (1) n>1 < d(S™x,p) — d(z,p) ) }
and

ey Qn = max{ 0, SUPLe (1) n>1 < d(T"x,p) — d(x,p) ) }

such that > ° P, < oo and >~ Q, < oo. If liminf, . d(z,, F) = Oor
limsup,,_,., d(xy,, F') = 0, where d(z, F) = inf,cp d(x,p), then the sequence {x,}

converges strongly to a point of F.

3) Let K be a nonempty closed convex subset of a complete CAT(0) space
X and let S, T : K — K be two asymptotically quasi-nonexpansive type mappings
such that F = F(S) N F(T) # 0 closed. Suppose that {x,,} is defined by the iteration
process (1.9) and P, and (), be taken as in Theorem 2.1. If S and T satisfy the
following conditions :
(1) lim, o d(zp, Sx,) = 0 and lim,, ., d(z,, Tz,) = 0.
(ii) If the sequence {z,} in K satisfies lim,, .., d(z,, Sz,) = 0 and lim,, . d(2,,Tz,) =
0, then

liminf, . d(z,, F') = 0 or limsup,,_, . d(z,, F') = 0.

Then the sequence {x,} converges strongly to a point of F.
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4) Let K be a nonempty closed convex subset of a complete CAT(0) space
X and letS,T : K — K be two uniformly L-Lipschitzian and asymptotically quasi-
nonexpansive type mappings such that F = F(S) N F(T) # () closed. Suppose that
{z,} is defined by the iteration process (1.9) and P, and (),, be taken as in Theorem
2.1. If either S is semi-compact and lim,,_.., d(z,, Sz,) = 0 or T is semi-compact
and lim,,_, d(z,, Tx,) = 0, then the sequence {z,} converges strongly to a point

of F.

5) Let K be a nonempty closed convex subset of a complete CAT(0) space X
and let 5,7 : K — K be two asymptotically quasi-nonexpansive type mappings such
that F = F(S) N F(T) # 0 is closed. Suppose that {x,} is defined by the iteration
process (1.9) and P, and (), be taken as in Theorem 2.1. If S and T satisfy the
following conditions :

(1) lim, o d(zp, Sx,) = 0 and lim,, ., d(z,, Tz,) = 0.
(ii) There exists a constant A > 0 such that
% d(z, Sxp) + d(zn, Txy,) | = Ad(zn, F).

Then the sequence {z,} converges strongly to a point of F.
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Convergence of a new two-step iteration scheme for

two asymptotically quasi-nonexpansive type mappings
in CAT(0) spaces

Nutsireeporn Karat, Satjawan Peangta and Tanakit Thianwan *

Abstract

In this paper, we introduce and study a new two-step iteration scheme for finding common
fixed points of two asymptotically quasi-nonexpansive type mappings in the setting of CAT(0)
spaces. We give some strong convergence theorems for such mappings in CAT(0) spaces under
suitable conditions. The results obtained in this paper extend and generalize the several recent

results in this area.

1 Introduction

A metric space X is a CAT(0) space if it is geodesically connected and if every geodesic triangle
in X is at least as 'thin’ as its comparison triangle in the Euclidean plane. It is well known that
any complete, simply connected Riemannian manifold having non-positive sectional curvature is a
CAT(0) space. Other examples include Pre-Hilbert space (see [2]), R-trees (see [12]), Euclidean
buildinges (see [3]), the complex Hilbert ball with a hyperbolic metric (see [8]), and many others.
For a thorough discussion of these spaces and of the fundamental role they play in geometry, we
refer the reader to Bridson and Haefliger [2].

Fixed point theory in a CAT(0) space has been first studied by Kirk (see [14,15]). He showed
that every nonexpansive (single-valued) mapping defined on a bounded closed convex subset of
a complete CAT(0) space always has a fixed point. It is worth mentioning that the results in a
CAT(0) space can be applied to any CAT(k) space with k& < 0 since any CAT(k) space is a CAT (k')
space for every k'>k (see, e.g., [2]).

*Corresponding auther.
2010 Mathematics Subject Classification: 54H25, 54E40, Key words and phrases: asymptotically quasi-

nonexrpansive type mapping, strong convergence, two-step i’temtion scheme, common fized point, CAT(0) space.
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The Mann iteration process is defined by the sequence {x,},

{ n € K (1.1)

Tn+l = (1 - an)$n + o Txy, n2>1,
where {a,} is a sequence in (0,1).

Further, the Ishikawa iteration process is defined by the sequence {z,},

r1 € K,
Tnt1 = (1 — an)xn + apnTyn, (1.2)
yn = (1 = Bn)an + BnTn, n>1,
where {a,,} and {3,} are the sequences in (0,1). This iteration process reduces to the Mann
iteration process when (3, = 0 for all n > 1.

In 2007, Agarwal, O'Regan and Sahu [1] introduced the S-iteration process in a Banach space,

r1 € K,
ZTpt1 = (1 — o) Ty + oy Tyn, (1.3)
Yn = (1 = Bp)zn + BpTzy, n>1,

where {a,,} and {3,} are the sequences in (0,1). They showed that their process is independent of

those of Mann and Ishikawa and converges faster than both (see [1, Proposition 3.1}).

Schu [22], in 1991, considered the modified Mann iteration process which is a generalization of

the Mann iteration process,

{ T €K, (1.4)

Tp+1 = (1 — ap)zy + oy Ty, n>1
where {ay,} is a sequences in (0,1).

Tan and Xu [25], in 1994, studied the modified Ishikawa iteration process which is a general-

ization of the Ishikawa iteration process,

1 € K,
Tnt1 = (1 — an)xn + anT"Yn, (1.5)
yn = (1= Bn)xn + BnT 20,  n2>1,

where {a;,} and {f,} are the sequences in (0,1). This iteration process reduces to the modified

Mann iteration process when 3, = 0 for all n > 1.

In 2007, Agarwal, O’Regan and Sahu [1] introduced the modified S-iteration process in a Banach

space,

T € K,
Tn+l = (1 - an)Tnl'n + apT"ynp, (1'6)
Yn = (1 - ﬂn)lfn + BTy, n>1,
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where {«,, } and {3, } are the sequences in (0,1). Note that (1.6) is independent of (1.5) (and hence
of (1.4)). Also (1.6) reduces to (1.3) when T" = T for all n > 1.

In 2013, Sahin and Basarir [20] modified iteration process (1.6) in a CAT(0) space as follows :

Let K be a nonempty closed convex subset of a complete CAT(0) space X andlet T': K — K
be an asymptotically quasi-nonexpensive mapping with F(T') # (). Suppose that {z,} is a sequence
generated iteratively by

r1 € K,
Tnt1 = (1 — )Tz @ anT"yn, (1.7)
Yn = (1 = Bn)2n @ BT T, n=>1,
where {a,}, {8,} are the sequences such that 0 < «a,,5, < 1 for all
n > 1. They studied modified S-iteration process for asymptotically quasi-nonexpensive map-
pings on the CAT(0) space and established some strong convergence results under some suitable

conditions which generalize some results of Khan and Abbas [10].

Very recently, Saluja [21] studied the following iteration scheme

1 € K,
Tptl = (1 - Oén)Tn$n @ anS"Yn, (18)
Yn = (1 - ﬁn)mn @ﬁnTnxnv n 21,

where {ay,},{fn} are the sequences such that 0<«,, (,<1 for all n>1 and give the sufficient
condition for convergence to a common fixed point in the setting of CAT(0) space and also establish

some strong convergence results under some suitable conditions.

We now further modify (1.8) for two mappings in a CAT(0) space as follows :

Let K be a nonempty closed convex subset of a complete CAT(0) space X and let S,T : K—K be
two asymptotically quasi-nonexpansive mappings with £ = F(S) N F(T) # (. Suppose that {x,}

is a sequence generated iteratively by

T € K,
Tnt1 = (1 — an)T"yn B anS"yn, (1.9)
Yn = (1 — Bn)Tn @ﬁnTnxn, n>1,

where {ay,}, {fn} are the sequences such that 0<a,,, 3,<1 for all n>1.

The aim of this paper is to study the newly defined two-step iteration scheme (1.9) for two
asymptotically quasi-nonexpansive type mappings and give the sufficient condition to converge to
common fixed point in the framework of CAT(0) space and also establish some strong convergence
results under some suitable conditions. Our results extend and generalize many known results from

the previous work given in the existing literature.
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2 Preliminaries and lemmas

In order to prove the main results of this paper, we need the following definitions, concepts

and lemmas :

Let (X,d) be a metric space and K be its nonempty subset. Let T : K — K be a mapping. A
point z € K is a called a fixed point of T if Tx = z. We will also denote by F, The set of common
fixed point of S and T, that is, F = {z € K : Sz = Tz = z}.

The concept of quasi-nonpansive mapping was introduced by Diaz and Matcalf [5] in 1967, the
concept of asymptotically nonexpansive mapping was introduced by Goebel and Kirk [7] in 1972.
The iterative approximation problems for asymptotically quasi-nonexpansive mappings was studied
by many authors in a Banach space and a CAT(0) space (see, e.g. [6, 11, 16, 17, 21, 23]).

DEFINITION 2.1. Let (X,d) be a metric space and K be its nonempty subset.
Than T : K — K ia said to be
(1) nonexpansive if d( Tz, Ty) < d(z,y) for all z,y € K ;

(2) asymptotically nonexpansive if there exists a sequence {r,} C [0,00) with
lim;, 00, = 0 such that d(T"z, T"y) < (1 + r,)d(z,y) for all z,y € K and n>1;
(3) quasi-nonexpansive if d(Tx,p) < d(z,p) for all z € K and p € F(T);
(4) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence {r,} C [0,00) with
lim,, 007, = 0 such that d(T"z,p) < (1 + r,)d(z,p) for all z € K , p € F(T) and n>1;
(5) asymptotically nonexpansive type [13], if
limsup{ supx,yeK< d(Tz, T"y) — d(z,y) ) } < 0;

n—oo

(6) asymptotically quasi-nonexpansive type [19], if F(T) # 0 and

lim sup{ SUPge K pe F(T) ( d(T™z,p) — d(x, p) ) } <0

n—oo

(7) uniformly L-Lipschitzian if there exists a constant L > 0 such that
d(T"x,T"y) < Ld(z,y) for all z,y € K and n > 1;

(8) semi-compact if for a sequence {x,} in K with lim, oo d(zy,,T2,) = 0,

there exists a subsequence {z,, } of {x,} such that z,, — p € K.

REMARK 2.1. Form Definition 2.1, it is clear that the class of quasi-nonexpansive map-
pings, asymptotically nonexpansive mappings, asymptotically quasi-nonexpansive mappings and
asymptotically nonexpansive type mappings include nonexpansive mappings, whereas the class of
asymptotically quasi-nonexpansive mappings, asymptotically nonexpansive mappings, asymptoti-
cally quasi-nonexpansive mappings and asymptotically nonexpansive type mappings. The reverse

of these implications may not be true.

Let (X,d) be a metric space. A geodesic path joining z € X to y € X (or, more briefly, a
geodesic from z to y) is a map ¢ from a closed interval [0,I] C R to X such that ¢(0) = z, ¢(I)
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=y and d(c(t),c(t’) = [t —t'| for all ¢ , ¢ € [0,]]. In particular, ¢ is an isometry and d(z,y) = L
The image « of ¢ is called a geodesic (or metric) segment joining z and y. We say that X is (i)
a geodesic space if any two point of X are joined by a geodesic and (ii) uniquely geodesic if there
is exactly one geodesic joining z and y for each z,y € X, which we will denote by [z,y], called the

segment joining x to y.

A geodesic triangle A(z1,x2,x3) in a geodesic metric space (X,d) consists of three point in X
(the vertices of A) and a geodesic segment between each pair of vertices (the edges of A). A com-
parison triangle for geodesic triangle A(x1,22,23) in (X,d) is a triangle A(x1,29,73) 1= A(T1,72,73)
in Euclidean plane R? such that dg2(77,7;) = d(z;,x;) for i,j € {1,2,3}.

Such a triangle always exists (see [2]).

CAT(0) space

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles of appropriate
size satisfy the following C'AT'(0) comparison axiom.

Let A be a geodesic triangles in X, and let A C R? be a comparison triangle for A. Then A
is said to satisfy the CAT(0) inequality if for all 2.y € A and all comparison points 7,7 € A,

Complete CAT(0) space are often called Hadamard spaces (see [9]). If x,y1,y2 are points of a
CAT(0) space and yp is the midpoint of the segment [y, y2] which we will denote by (y1 @ y2)/2,
then the CAT(0) inequality implies

o 1 1 1
& (x & 5 y2> < EdQ(x,yﬁ - §d2($,yz) - ldQ(yla?ﬂ)- (2.2)

The inequality (2.1) is the (CN) inequality of Bruhat and Tits [4].

Let us recall that a geodesic metric space is a CAT(0) space if and only if it satisfies the (CN)
inequality (see [2, page 163]).

A subset K of a CAT(0) space X is convex if for any z,y € K , we have [z,y] C K.

We need the following useful lemmas to prove our main results in this paper.

LEMMA 2.1. (see [18]) Let X be a CAT(0) space.
(i) For z,y € X and t € [0,1], there exists a unique point z € [z,y]| such that

We use the notation (1 - t)z®ty for the unique point z satisfying (A).
(ii) For z,y € X and t € [0,1], we have

d((1 —t)zdty,z) < (1 —t)d(z, z) + td(y, 2).

LEMMA 2.2. (see [24]) Suppose {a,} and {b,} are two sequences of nonnegative numbers such

that ant1 < an + by, for all n > 1. If >°>° | b, converges, then lim,_..a, exists.
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EXAMPLE 2.1. (An asymptotically quasi-nonexpansive type mapping whose fixed point set
is not closed). Let X = R, K = [-1,1] and d(z,y) = |z — y| be the usual metric on X.
Let T : K — K be a mapping defined by

Zf WS [_170)7
’ Zf Tr = 07
2 df  xe(0,1]

T(x) =

8 v 8

Then T is an asymptotically nonexpansive type mapping and T is discontinuous at z = 0 and
hence T is not Lipschitzian. Also notice that F/(T) = [0,1) is not closed. We prove that

(%) limsup{ Tz — T™y| — |z — y| } <0,

n—oo

for all 2,y € [-1,1] and n > 1. The inequality above holds trivially if z = y = 0 or z,y € [-1,0).

Then it suffices to consider the following cases.

Case 1 (z,y € (0,1]). Then

limsup{ [Tz — TMy| — |z — y| }zligsogp{ |22 — y??| — |z — | } <0.

n—:oo

Case 2 (z € [-1,0) and y = 0). Then

limsup{ [Tz — T"y| — |z — y| }:limsup{ |z — 5| — |z —y| }SO.
n—oo

n—oo

Case 3 (z € [-1,0) and y € (0,1]). Then

limsup{ |[T"x — T™y| — |x — y| } = 1imsup{ |z — 3?"| — |z — vy } <0.
n—oo

n—oo

Case 4 (x = 0 and y € (0,1]). Then

limsup{ |T"x — TMy| — |z — y| }:limsup{ \%—y2”|—|x—y| }SO.
n—oo

n—oo

Hence the condition (*) holds. This completes the proof. .

Now, we give a sufficient condition which guarantees the closedness of the fixed point set of an

asymptotically quasi-nonexpansive type mapping.

PROPOSITION 2.1. Let K be a nonempty subset of a complete CAT(0) space X and T :
K — K be an asymptotically quasi-nonexpansive type mapping. If G(T) := {(z,Tz) : z € K} is
closed, then F'(T) is closed.

Proof. Let {p,} be a sequence in F(T) such that p,, — p as n — co. Since T is an asymptotically

quasi-nonexpansive type mapping, so we put

Cn = max{ 0, SUPpe p (1) n>1 ( d(T"z,p) — d(x,p) ) }
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such that >~>° ¢, < co. Now, we have
d(T"p,p) < d(T"p, pn) + d(pn, p)
< d(Pmp) +cn + d(pmp)
= 2d(pn,p) + cn — 0,as n — 0.

Then T"p — p, and so T(T"p) = T""'p — p. Hence by closedness of G(T), T, = p, that is,
F(T) is closed. Thus we conclude that the fixed point set for non Lipschitzian mapping must be
closed. This completes the proof. .

3 Main results

In this section, we establish some strong convergence results for a new two-step iteration scheme
(1.9) to converge to a common fixed point of two asymptotically quasi-nonexpansive type mapping
in the setting of CAT(0) space.

THEOREM 3.1. Let K be a nonempty closed convex subset of a complete CAT(0) space X
and let S,T : K — K be two asymptotically quasi-nonexpansive type mappings with F = F(S) N
F(T) # 0 closed. Suppose that {z,} is defined by the iteration process (1.9). Put

P = maX{ 0, SUPpe p(1),n>1 ( d(S™x,p) — d(z, p) ) } (3.1)

and

Qn = max{ 0, SUPpe p(T),n>1 ( d(T"z,p) — d(x,p) ) } (3.2)

such that > >° | P, < oo and > > Qn < oo. If liminf, . d(xy, F) = 0 or limsup,,_, d(z,, F) =
0, where d(z, F) = inf,cp d(x, p), then the sequence {x,} converges strongly to a point of F.
Proof. Let p € F. From (1.9), (3.2) and Lemma 2.1(ii), we have

d(ymp) = d((l - /Gn)xn 2] 5nTn$n,p) (3.3)

< - ﬁn)d(xmp) + ﬁnd(Tnxn,p)

(
< ( - /Gn)d(xn’p) + ﬁn[d(xmp) + Qn]
d

Again using (1.9), (3.1)-(3.3) and Lemma 2.1(ii), we have

d(ny1,p) = d((1 — an)T"Yn © anS"Yn, p) (3.4)
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< (1 = an)d(T"yn,p) + nd(S"yn, p)

IN

)
)
< (L= an)d(yn, p) + ond(yn, p) + Qn + P
< (1= an)d(yn, p) + anld(yn, p) + @nl + Qn + Py
= d(yn,p) +2Qn + Py
< d(2n,p) + Py +2Qy

= d(xrwp) + Hy,

where H,, = P, + 2Q,. Since by hypothesis Y >° P, < co and Y .2 @, < oo, it follows that
Yol Hy < 0.

The inequality (3.4) gives
d(xps1, F) < d(zp, F) + Hy. (3.5)

Since by hypothesis > > | H,, < 0o, by Lemma 2.2 and lim inf,, . d(zp, F') = 0 or limsup,,_, . d(zn, F) =
0 we obtain that
lim d(z,, F)=0. (3.6)

Now, we show that {x,} is a Cauchy sequence in K.
From (3.4), we have
d(mn-l—myp) < d(xn+m—17p) + Hn+m—1 (37)
< d(xn+m72,p) + Hn+m72 + Hnerfl

<..
n+m—1

xna Z Hy,

for the natural numbers m,n and p € F. Since lim,,_, d(x,, F') = 0, therefore for any € > 0. there
exists a natural number ng such that d(z,, F) < /4 and 3.7 Hy, < /4 for all n > ng. So, we
can find p* € F such that d(zp,,p*) < €/4. Hence, for all n > ng and m > 1, we have

d($n+m7 -Tn) < d(xn—l—m,p*) + d(xn;p*) (38)
n+m—1 n+m—1
< d(@ng,p") + Y He+d(wng,p")+ Y Hi
k=ng k=ng
n+m—1
= 2d(zp,y,p*) + 2 Z Hy,
k=no

<2A)+23) =
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This shows that {z,} is a Cauchy sequence in K. Thus, the completeness of X implies that {z,}
must be convergent. Assume that lim, ... 2, = ¢. Since K is closed, therefore ¢ € K. Next, we
show that ¢ € F. Now lim,, .~ d(xy, F') = 0 gives that d(q, F') = 0. Since F is closed, ¢ € F. This

completes the proof. .

THEOREM 3.2. Let K be a nonempty closed convex subset of a complete CAT(0) space X
and let ST : K — K be two asymptotically quasi-nonexpansive type mappings such that F' =
F(S) N F(T) # 0 closed. Suppose that {z,} is defined by the iteration process (1.9) and P, and
@n be taken as in Theorem 3.1. If S and T satisfy the following conditions :

(i) limy— oo d(zp, Sxy) = 0 and limy, o0 d(zp, T'zy) = 0.
(ii) If the sequence {z,} in K satisfies lim,, o d(2p, Sz,) = 0 and lim,, .o d(2, T2,) = 0, then

liminf, o d(z,, F)) = 0 or limsup,, . d(zn, F)) = 0.
Then the sequence {x,} converges strongly to a point of F.
Proof. If follows from the hypothesis that lim,,_,. d(zy, Sz,) = 0 and lim,_,o d(zy, Tzy) = 0.
From (ii), liminf, o d(xy, F) = 0 or limsup,, ., d(zn, F') = 0. Therefore, the sequence {z,,} must

converge to a point of F' by Theorem 3.1. This completes the proof. .

THEOREM 3.3. Let K be a nonempty closed convex subset of a complete CAT(0) space X
and letS,T : K — K be two uniformly L-Lipschitzian and asymptotically quasi-nonexpansive type
mappings such that F = F(S) N F(T) # 0 closed. Suppose that {z,} is defined by the itera-
tion process (1.9) and P, and @, be taken as in Theorem 3.1. If either S is semi-compact and
lim,, o0 d(p, Szp) = 0 or T is semi-compact and lim,,_.o d(zp, Tx,) = 0, then the sequence {z,}
converges strongly to a point of F.

Proof. Suppose that T is semi-compact and lim,, o d(2zy, Tz,) = 0, Then there exists a subse-
quence {w,,} of {x,} such that z,;, — p € K. Also, we have lim;_, d(zn;, Trn;) = 0. Hence, we
have

d(p,Tp) < d(p,wn;) + d(wn;, Tan;) + d(Txp,, Tp)

< (1 + L)d(p, n,) + d(xn;, Tn;) — 0.
Thus p € F. By (3.4),
d(2p41,p) < d(zn,p) + Hy.

Since by hypothesis ) ° | H, < oo, by Lemma 2.2 and lim, .o d(zn, p) exists and z,,;, — p € F
gives that x, — p € F. This shows that {z,} converges strongly to a point of F. This completes
the proof. .

As an application of Theorem 3.1, we establish another strong convergence result as follows.

THEOREM 3.4. Let K be a nonempty closed convex subset of a complete CAT(0) space X
and let ST : K — K be two asymptotically quasi-nonexpansive type mappings such that F =
F(S)N F(T) # 0 is closed. Suppose that {z,} is defined by the iteration process (1.9) and P,, and
Q) be taken as in Theorem 3.1. If S and T satisfy the following conditions :
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(1) limy,— o0 d(xp, Szp) = 0 andlimy, o0 d(2p, Tzy,) = 0.

(ii) There exists a constant A > 0 such that

9 d(n, Szp) + d(xp, Txy) | > Ad(zn, F).

Then the sequence {z,} converges strongly to a point of F.

Proof. From conditions (i) and (ii), we have lim;, . d(zp, F') = 0, it follows as in the proof of

Theorem 3.1, that {z,} must converges strongly to a point of F. This completes the proof. .
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